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Ultrafast wavepacket dynamics of electron-phonon-photon systems is studied by numerical calcu-
lations. When nonadiabaticity of electron-phonon systems is taken into account, Raman scattering
process plays an important role in the dynamics of the system. We found that the interplay of
the electron-phonon nonadiabaticity and the Raman scattering determines the wavepacket motion
particularly in the vicinity of the conical intersection of adiabatic potential energy surfaces, which
shows that we should consider this effect in order to reveal the photoexcitation/deexcitation process
of materials in femtosecond time scale.
I. INTRODUCTION
Recent progress of ultrashort pulse laser technol-
ogy has made it possible to observe time evolution of
quantum-mechanical states in coherent regime. Above
all, time-resolved techniques have been developed to clar-
ify the excited-state dynamics of condensed matter, and
its transient properties have been studied1–4. When, for
example, ultrashort laser pulses are used as a probe,
transient electronic properties are detected through the
slight change of optical properties, which helps us under-
stand the physics in ultrafast timescale. On the other
hand, since the structural properties are also of inter-
est in studying relaxation dynamics, time-resolved x-ray
or electron diffraction measurement has been intensively
developed, and the dynamics of photoinduced structural
change or chemical reaction is currently being discussed
by many authors5,6. Furthermore, as various experimen-
tal methods have been developed to understand transient
phenomena7,8, it is quite important to combine as many
experimental data as possible in order to obtain an over-
all picture for the transient dynamics of certain materi-
als. We, however, should point out that we need a unified
physical model to understand all the experimental data
on a single phenomenon. In particular, when we are in-
terested in time evolution of excited states, we consider
that a first step to construct an appropriate model is
an accurate description of photoexcitation/deexcitation
processes.
On the other hand, coherent control of quantum-
mechanical states have been studied since the proposal
of the adaptive control method9, which are considered
to be promising for innovative technology particularly
in the field of quantum information. For example, re-
cent experiments on diamond showed the possibility of
phonon-mediated coherence between qubits via Raman
scattering processes10. In this case, entanglement be-
tween electrons, phonons, and photons plays an impor-
tant role, which means that theory of quantum entangle-
ment between irradiated light and materials is necessary
to reveal and/or design the control methods for them.
In many of theoretical studies, however, electromagnetic
field has been regarded as classical external field, and
only the physical variables on the material side are quan-
tized. We note that, when we are interested in the inter-
play among electrons, photons, and phonons, we should
study the quantum dynamics of the full Hamiltonian re-
garding all the above entities as quantum variables.
In this paper, we study the quantum dynamics of elec-
tronic systems under photoirradiation, focusing on the
wavepacket states created by photons. We consider that
we will have a reliable information on the response to
various probes and the entanglement properties between
multiple degrees of freedom by determining the quantum
nature of those created wavepackets. Since, however, it is
not straightforward to obtain a first-principles theory for
transient dynamics, we focus on the interplay of electron-
phonon interaction and electron-photon (electric dipole)
interaction as a first step to construct a general the-
ory of transient photoexcitation/deexciation phenomena.
For this purpose we chose a model of coupled electron-
phonon-photon systems and solved the time-dependent
Schro¨dinger equation for fully quantized systems in or-
der to discuss the wavepacket motion in the presence of
electromagnetic field.
We also mention that nonadiabatic coupling between
potential energy surfaces (PESs) is a key to under-
stand the relaxation dynamics of photoexcited states,
e.g., photoinduced nucleation11. Furthermore, when elec-
trons, phonons, and photons are considered at the same
time, the Raman processes are expected to give signif-
icant contribution to the electronic transitions, which
means that the photoexcitation/deexcitation process of
electron-phonon systems should be carefully dealt with
in order to understand the ultrafast dynamics with light-
matter interaction. As well as the intermodal coherence
mediated by the Raman processes12, we stress that it is
worth while mentioning that previous studies13–16 have
shown that the conical intersection(CI) in the “classi-
cal” adiabatic PESs also is a key to understand the
wavepacket dynamics. These results show us that the co-
existence of nonadiabatic coupling between PESs and Ra-
man scattering processes gives another viewpoint on the
coherent dynamics of electron-phonon-photon systems.
2The aim of the present paper is to study the interplay of
electron-phonon nonadiabaticity and Raman scattering
processes by numerical calculations with a toy model.
The paper is organized as follows: the model and the
calculation method are introduced in Sec. II, and the
calculated results are presented and discussed in Sec. III.
Section IV is devoted to summary and conclusions.
II. MODEL AND METHOD
In this paper we study the quantum dynamics of elec-
trons coupled with both phonons and photons taking into
account the Raman scattering processes. For this pur-
pose, we employed a model of a two-level electronic sys-
tem coupled with a single-mode phonons and multimode
photons described by
H = ωa†a+
n∑
i=1
Ωic
†
i ci + σx{
n∑
i=1
µi(c
†
i + ci) + λ}
+
1
2
(σz + 1){ν(a† + a) + ε}, (1)
where a and ci denote the annihilation operators of
phonons and the photons of the i-th mode, respec-
tively. σi corresponds to the Pauli matrices which op-
erate on the electronic states denoted by |g〉(ground
state) and |e〉(excited state). We should refer to the
Jaynes-Cummings model17 which formally includes the
same type of interaction between electrons and bosons
as Eq. (1), although we consider two kinds of bosons,
i.e., phonons and photons.
Corresponding PESs of the Hamiltonian (1) are ob-
tained by regarding the amplitude operators uˆ = (a† +
a)/
√
2ω, vˆi = (c
†
i + ci)/
√
2Ωi as classical variables. Al-
though we do not consider any classical motion on those
PESs, it still helps us understand the overall behavior of
the wavepackets by discussing the adiabatic PESs which
are given by
U±(u, v1, v2, ..., vn) =
ω2
2
u2 +
n∑
i=1
Ω2i
2
v2i +
1
2
(ν′u+ ε)
±
√√√√(νu′ + ε)2 + (
n∑
i=1
µ′ivi + λ)
2,(2)
where ν′ =
√
2ων and µ′i =
√
2Ωiµi. Equation (2) shows
that the adiabatic PESs have a CI given by u = −ε/ν′
and
∑n
i µ
′
ivi = −λ, and thus the geometrical phase of the
wavefunction plays an important role on the dynamical
properties15.
The time-dependent Schro¨dinger equation for Hamil-
tonian (1) is numerically solved for n = 1 and 3 and
to obtain the wavefunction |Φ(t)〉. The initial condition
is given by |Φ(0)〉 = |α1, α2, · · · , αn〉 ⊗ |0g〉, where |αi〉
denotes a coherent state parametrized by αi for the i-th
photon mode and |0g〉 is the ground state of the electron-
phonon system. The values of the parameters are ω = 1,
µi = 0.5(i = 1, 2, 3), ν = 3.5, and ε = 13.5, which
shows that the electron-phonon coupling (Huang-Rhys
factor) has intermediate strength between solid18 and
typical organic molecules19. As for the photons, we con-
sider cases with a single mode (n = 1) and three modes
(n = 3). Mode 1 (pump mode) which is in resonance with
the Franck-Condon transition is treated in both cases
(Ω1 = 13.5). Mode 2 (Stokes mode; Ω2 = 12.5) and
mode 3 (anti-Stokes mode; Ω3 = 14.5) are taken into
account in the latter case.
While the internal vibration mode of the material sys-
tem is always quantized in the present study, we also
calculated the dynamics of the material system treating
the electromagnetic field as a classical external field for
reference, and call this method a semiclassical approxi-
mation in the rest of the paper.
III. CALCULATED RESULTS
In order to study the dynamical behavior of electrons,
phonons, and photons, we first calculated the follow-
ing properties: population of the electronic ground state
N(t) = 〈Φ(t)|(1+σz)/2|Φ(t)〉 and photon number in each
mode ni(t) = 〈Φ(t)|c†i ci|Φ(t)〉.
The solid red line in Fig. 1-(a) shows N(t) for n = 3
and α2 = α3 = 0. As the absorption of photon proceeds,
N(t) decreases and a rapid oscillatory behavior appears
in t ≤ 2. This feature is a reminiscent of the Rabi oscilla-
tion though it diminishes with the lattice relaxation, i.e.,
emission of phonons. When only a single-mode photon
is taken into account, i.e., n = 1, N(t) behaves similarly
to that for n = 3, which shows that the Raman pro-
cesses plays a minor role in the wavepacket dynamics.
This interpretation is also supported by the behavior of
n2 and n3 shown in Fig. 1-(b). This figure shows that
the increase of the photon number for modes 2 and 3
is small even when the wavepacket motion proceeds and
the energy difference between two corresponding adia-
batic PESs is resonant to the Stokes mode.
When both the Stokes and the anti-Stokes modes have
finite intensity at t = 0, time evolution of the system
shows a different behavior. The solid red line in Fig. 2-
(a) shows N(t) for α2 = α3 = 3.16 and λ = 1.5, and
the dotted line is a corresponding property calculated
by the semiclassical approximation. Although both lines
almost coincide with each other for t < 2, deviation be-
tween them increases rapidly thereafter. Accordingly, as
Fig. 2-(b) shows, photons in mode 2 and 3 increase and
decrease, respectively, which shows that the Raman pro-
cesses contribute to the dynamics of the whole system.
Precisely, n2 and n3 rapidly change their value at t ∼ 2pi,
and the electronic transition is modulated by the Raman
processes in this period of time. In other words, the stim-
ulated Raman process enhances the electronic transition
for α2, α3 6= 0 and thus the wavepacket dynamics is sig-
nificantly modulated.
Comparing the temporal behavior of n1 in Figs. 1-(b)
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FIG. 1. (a) The ground state population of electron N(t) for
λ = 1.5 as functions of time. The solid red line shows the
result for n = 3 and α2 = α3 = 0, and the blue line shows
that for n = 1. The dotted line is N(t) by the semiclassical
approximation for n = 3. (b) photon number ni (i = 1, 2, 3)
for n = 3 and α2 = α3 = 0.
and 2-(b), we found that the absorption of pump-mode
photons is suppressed when both the Stokes and the anti-
Stokes Raman processes take place. Since these processes
are relevant to both the absorption and the emission of
the pump-mode photons, we consider that the interfer-
ence between two Raman processes contributes to the
dynamics of the whole system. This effect does not dis-
turb the the transition between |g〉 and |e〉 and thus N(t)
changes its value as Fig. 1-(a) shows. Since such processes
are not taken into account for n = 1, the difference be-
tween the solid red line and the blue line in Fig. 2-(a) is
much larger than that in Fig. 1-(a).
These features are understood clearly by comparing
the above results to those with the electron-phonon nona-
diabatic coupling λ turned off. Figures 3-(a) and (b)
show N(t) and ni(t) for α2 = α3 = 3.16 and λ = 0.
First, we point out the stepwise increase/decrease of
n2/n3 around t = 2pi and 4pi. Furthermore, absorp-
tion of mode 2 and emission of mode 3 synchronously oc-
cur, while absorption of mode 1 takes place subsequently.
Since, however, no two-phonon/photon process is allowed
to the lowest order, we point out that both Stokes and
anti-Stokes Raman processes take place resonantly at this
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FIG. 2. (a) The ground state population of electron N(t)
for λ = 1.5 as functions of time. The solid line shows the
quantum dynamics of N(t) for n = 3 and α2 = α3 = 3.16, and
the dotted line shows the result obtained by the semiclassical
approximation for n = 3. (b) photon number ni (i = 1, 2, 3)
for n = 3 and α2 = α3 = 3.16.
stage. After the Raman processes become off-resonant,
the interference between them is weakened and the ab-
sorption of mode 1 photons appears to be clearer.
Comparing Figs. 2-(a) with 3-(a), we found that elec-
tronic transition is suppressed at t ∼ 2pi and 4pi also
by the electron-phonon nonadiabaticity. We note that
the adiabatic PESs of the electron-phonon subsystem
(PESSs) have an avoided crossing at u = −ε/ν′ for λ 6= 0.
The photoexcited wavepackets bifurcate at the avoided-
crossing and thus the transition between |g〉 and |e〉 is
more complicated for finite λ. In this case, the interfer-
ence between those processes affects the electronic tran-
sition, and the resonance to the pump mode photons is
blurred. Hence, the temporal change of N(t) and ni(t)
for t ∼ 10 is unclear as shown in Figs. 2-(a) and (b).
Since the wavepacket trajectory on the PESSs is an
experimentally observable quantity20, we calculated the
lattice displacement u(t) = 〈Φ(t)|uˆ|Φ(t)〉 and focus on
the dynamics of the electron and phonons. Figures 4-(a)-
(c) show u(t) for the three cases corresponding to Figs.
1-3. As discussed previously, Fig. 4-(a) and (b) show that
the semiclassical approximation is not valid for t > 2pi for
λ 6= 0. On the contrary, the solid line and the dotted line
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FIG. 3. (a) The ground state population of electron N(t)
for λ = 0 as functions of time. The solid line shows the
quantum dynamics of N(t) for n = 3 and α2 = α3 = 3.16, and
the dotted line shows the result obtained by the semiclassical
approximation for n = 3. (b) photon number ni (i = 1, 2, 3)
for n = 3 and α2 = α3 = 0.
in Fig. 4-(c) are similar to each other, which shows that
the nonadiabaticity of the electron-phonon-photon dy-
namics is relevant to the validity of the semiclassical ap-
proximation. As mentioned above, the (one-dimensional)
PESSs have an avoided-crossing at u = −ε/ν′, while the
PESs for the whole system has a CI. Since the semiclas-
sical approximation takes into account only the avoided-
crossing, the wavepacket motion bifurcate in a differ-
ent manner between the quantum-mechanical calculation
and the semiclassical calculation particularly in the vicin-
ity of the avoided-crossing or the CI, which results in
the different dynamics or trajectory shown in the figures.
We stress that the quantum-mechanical nature of the in-
cident light plays an important role on the wavepacket
motion, and that detailed discussion will be possible by
revealing the transient dynamics of coherent phonons by
ultrafast optical spectroscopy. To be more precise, the
role of the CI on the electronic transition should be re-
vealed in order to determine the wavepackets created by
photons. In particular, as the irradiation of photons pro-
ceeds, deviation from single-mode model becomes larger,
the role of CI becomes more important.
The quantum-mechanical nature of the electromag-
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FIG. 4. Lattice displacement u(t) for (a) α2 = α3 = 0, λ =
1.5, (b) α2 = α3 = 3.16, λ = 1.5, and (a) α2 = α3 =
3.16, λ = 0. Calculated results with the semiclassical ap-
proximation are shown by the dotted line, and the blue line
in (a) shows u(t) for n = 1.
netic field is reflected on the entanglement between sub-
systems, i.e., photons, phonons, and electrons. In this
paper we calculated the bipartite entanglement entropy
in which the whole system is divided into (i) the elec-
tronic system and the phonon-photon system, and (ii)
the electron-phonon subsystem and the photons. We cal-
culated the entropy for these cases defined by
Sa(t) = Trρa(t) log ρa(t), (3)
Sb(t) = Trρb(t) log ρb(t), (4)
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FIG. 5. Entanglement entropy Sa(t) and Sb(t) for (a) α2 =
α3 = 0, λ = 1.5, (b) α2 = α3 = 3.16, λ = 1.5, and (c)
α2 = α3 = 3.16, λ = 0.
where
ρa(t) = Trpn,pt|Φ(t)〉〈Φ(t)|, (5)
ρb(t) = Trpt|Φ(t)〉〈Φ(t)|. (6)
Trpn,pt and Trpt denote the partial trace of the density
matrix regarding the phonon and photon degrees of free-
dom, and the photon degrees of freedom, respectively.
We point out that Sa is the entropy of a two-level system
and that its value lies between 0 and log 2 ∼ 0.693.
Figures 5-(a)-(c) show that entanglement represented
by (i) and (ii) grows immediately after the simula-
tion starts. Figures 5-(b) and (c) also show that Sa
and Sb have a fine structure corresponding to the in-
crease/decrease of n2/n3, i.e., the Raman processes en-
hance the rate of entropy production. As for the effect of
the electron-phonon nonadiabaticity, we point out that
Fig. 5-(c) shows that the photoabsorption at t ∼ 2pi
and 4pi decreases Sb, which shows that the coherence be-
tween the electronic states recovers by the external field,
i.e., photons. As shown in the other properties, the in-
terference mechanism between electronic states becomes
different in the presence of the electron-phonon nonadi-
abaticity and the decrease of Sb is not observed in Figs.
5-(a) or (b).
These figures also show that the quantum information
carried in the electron-phonon system is able to be trans-
ferred to another material system by irradiated photons.
However, entanglement between photons and phonons is
also disturbed by their interaction with electrons through
µi and ν, and further discussion on the entanglement en-
tropy in multipartite systems21–23 will be helpful to clar-
ify the entanglement properties of the system.
IV. CONCLUSIONS
We calculated the wavepacket dynamics of electron-
phonon-photon systems by numerical calculations focus-
ing on the interplay of the electron-phonon nonadiabatic-
ity and the Raman processes. While the effect of the Ra-
man processes is small on the wavepacket motion start-
ing with empty Stokes/anti-Stokes modes, the stimulated
Raman processes enhance the electronic transition, which
shows that we should take into account them to obtain
accurate trajectories of wavepackets. In particular, the
interference between Stokes and anti-Stokes Raman pro-
cesses suppresses the absorption of pump-mode photons,
although the electronic excitation is induced and the
excited-state population N(t) takes a large value. Fur-
thermore, when both λ and νi are present, large deviation
from semiclassical calculations is obtained, which shows
that the bifurcation of wavepackets should be carefully
treated in the presence of both the electron-phonon adi-
abaticity and the Raman processes.
Entanglement between the electron-phonon system
and the photons shows that this system is applicable to
the quantum information technology, though the detailed
discussion on the multipartite entanglement entropy is
necessary.
We have not shown a direct evidence on the role of the
CI in the present study. The CI acts as a “magnetic flux”
in the Aharanov-Bohm effect, and thus the geometric
properties of the wavefunction on multidimensional PESs
has been studied14–16. We consider it helpful to reveal
the detail of quantum nature of the photoexcited state
as well as the wavepacket dynamics of coupled electron-
phonon-photon systems by a similar method.
The author is grateful to K. G. Nakamura for fruitful
discussion. Numerical calculations were done using the
facilities of the Supercomputer Center, the Institute for
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∗ ishd˙kn@cc.utsunomiya-u.ac.jp
1 R. M. Bowman, M. Dantus, and A. H. Zewail: Chem. Phys.
Lett. 174, 546 (1990).
2 K. G. Nakamura, K. Ohya, H. Takahashi, T. Tsuruta,
H. Sasaki, S. Uozumi, K. Norimatsu, M. Kitajima, Y.
Shikano, and Y. Kayanuma , Phys. Rev. B94, 024303
(2016).
3 M. Gallart, M. Ziegler, O. Cre´gut, E. Feltin, J.-F. Car-
lin, R. and Butte´, N. Grandjean, B. Ho¨nerlage, P. Gilliot,
Phys. Rev. B96, 041303 (2017).
4 T. Ghosh, S. Aharon, A. Shpatz, L. Etgar, and S. Ruhman,
ACS Nano 12, 5719 (2018).
5 M. Gao, C. Lu, H. Jean-Ruel, L. C. Liu, A. Marx, K. Onda,
S. Koshihara, Y. Nakano, X. Shao, T. Hiramatsu, G. Saito,
H. Yamochi, R. R. Cooney, G. Moriena, G. Sciaini, and R.
J. D. Miller, Nature 496, 343 (2013).
6 K. H. Kim, J. G. Kim, S. Nozawa, T. Sato, K. Y. Oang,
T. W. Kim, H. Ki, J. Jo, S. Park, C. Song, T. Sato, K.
Ogawa, T. Togashi, K. Tono, M. Yabashi, T. Ishikawa, J.
Kim, R. Ryoo, J. Kim, H. Ihee, and S. Adachi, Nature
518, 385 (2015).
7 M. Fo¨rst, A. D. Caviglia, R. Scherwitzl, R. Mankowsky,
P. Zubko, V. Khanna, H. Bromberger, S. B. Wilkins, Y.-
D. Chuang, W. S. Lee, W. F. Schlotter, J. J. Turner, G.
L. Dakovski, M. P. Minitti, J. Robinson, S. R. Clark, D.
Jaksch, J.-M. Triscone, J. P. Hill, S. S. Dhesi, and A. Cav-
alleri, Nat. Mater. 14, 883 (2015).
8 S. Yoshida, Y. Aizawa, Z. Wang, R. Oshima, Y. Mera, E.
Matsuyama, H. Oigawa, O. Takeuchi, and H. Shigekawa,
Nat. Nanotech. 9 588 (2014).
9 R. S. Judson and H. Rabitz, Phys. Rev. Lett. 68, 1500
(1992).
10 D. G. England, K. A. G. Fisher, J. W. MacLean, P. J.
Bustard, K. Heshami, K. J. Resch, and B. J. Sussman,
Phys. Rev. Lett. 117, 073603 (2016).
11 K. Ishida and K. Nasu, Phys. Rev. Lett. 100, (2008).
12 B. Sen, S. Kumar Giri, S. Mandal, C. H. Raymond Ooi,
and A. Pathak, Phys. Rev. A87, 022325 (2013).
13 M. Kowalewski, K. Bennett, and S. Mukamel, J. Chem.
Phys. 144, 05439 (2016).
14 S. C. Althorpe, J. Chem. Phys. 103, 084105 (2006).
15 F. Bouakline, Chem. Phys. 442 31(2014).
16 C. Xie, D. R. Yarkony, and H. Guo, Phys. Rev. A95,
022104 (2017).
17 E. T. Jaynes and F.W. Cummings, Proc. IEEE, 51, 89
(1963).
18 A. Hoffmann, B. K. Meyer, and E. Malguth, in Zinc Oxide:
From Fundamental Properties Towards Novel Applications
, volume 120, Springer Series in Materials Science, 233.
(Springer Berlin, Heidelberg, 2010).
19 R. Valiev, A. Freidzon, and A. Berezhnoy, RSC Advances
4, 79 (2014).
20 K. Ishida, F. Aiga, and K. Misawa, J. Chem. Phys. 127,
194304 (2007).
21 C. Moura Alves and D. Jaksch, Phys. Rev. Lett. 93, 110501
(2004).
22 S. Gerke, J. Sperling, W. Vogel, Y. Cai, J. Roslund, N.
Treps, and C. Fabre, Phys. Rev. Lett. 117, 110502 (2016).
23 F. Clivaz, M. Huber, L. Lami, and G. Murta, J. Math.
Phys. 58, 082201 (2017).
